A general formalism for the dynamics of non rotating cylindrical thin-shell wormholes is developed. The time evolution of the throat is explicitly obtained for thin-shell wormholes whose metric has the form associated to local cosmic strings. It is found that the throat collapses to zero radius, remains static or expands forever, depending only on the sign of its initial velocity.
Introduction
Traversable Lorentzian wormholes, first studied by Morris and Thorne [1] , are solutions of the Einstein field equations that have two regions connected by a throat. These tunnels can join two parts of the same universe or two separate universes [1, 2] . For static wormholes, the throat is defined as a two-dimensional hypersurface of minimal area that should satisfy a flare-out condition [3] . For time dependent wormholes the general definition of the throat is more complex (the interested reader is referred to [4] ). All traversable wormholes must be threaded by exotic matter that violates the null energy condition [1, 2, 3, 4] . Recently, Visser et al [5] showed that the amount of exotic matter that must be present around the throat can be made infinitesimally small by a suitable choice of the geometry of the wormhole.
In a gauge theory, spontaneous symmetry breaking of a complex scalar field leads to cylindrical topological defects known as local cosmic strings [6] . The gravitational effects of such objects have been the object of thorough analysis, because of the possible important consequences they could have had for galaxy formation, and also in the study of gravitational lensing. The spacetime metric around a local cosmic string was first obtained by Vilenkin [7] in the linear approximation of general relativity. Local strings are characterized by having an energy-momentum tensor whose only non null components are T t t = T z z . Within this framework a Dirac's delta was used to model the radial distribution of the energy-momentum tensor for a string along the z axis. The resulting spacetime metric is flat but with a deficit angle ∆ϕ = 8πGµ, up to first order in Gµ (in GUT strings Gµ ∼ 10 −6 ), with µ the linear energy density. Later, independently, Gott [8] and Hiscock [9] , extending the analysis to the framework of theories leading to values of Gµ closer to one, showed that the deficit angle found by Vilenkin is actually right to all orders in Gµ. In their demonstration, they considered a source in the form of a thick cylinder of constant radius with both uniform linear mass density and tension, the last one only along the axis. The solution of the full Einstein equations in the interior was matched with the vacuum solution for the exterior, and the integration constants appearing were determined by matching both metrics in the boundary. In all these works, the source determined an exterior solution with Lorentz invariance along the z axis. However, if this is not required, the most general solution has the well-known Weyl form; which includes two solutions with Lorentz invariance, one of them corresponding to the case solved by Gott and Hiscock. Later, similar analysis were extended to scalar tensor theories of gravity, like that of Brans and Dicke [10] . It has also been shown [11] that a cosmic string can behave as a superconductor, with a current along it and a magnetic field in its exterior. This can be the result of the appearance of both bosonic or fermionic charge carriers. The spacetime around a superconducting string is then not a vacuum solution of the Einstein equations, because, besides the effective mass associated with the charge carriers, in this case there is a non localized magnetic contribution to the energy-momentum tensor [12] .
Solutions of the Einstein field equations representing wormholes associated with cosmic strings have been previously considered in the literature. Clément [13] found traversable multi-wormhole solutions where the spacetime metric was asymptotic to the conical cosmic string metric. In other work, Clément [14] extended cylindrical multi-cosmic strings metrics to wormhole spacetimes with only one region at spatial infinite, and analyzed in detail the geometry of asymptotically flat wormhole spacetimes produced by one or two cosmic strings. Aros and Zamorano [15] constructed a solution that can be interpreted as a traversable cylindrical wormhole inside the core of a global cosmic string.
Thin-shell wormholes are made by cutting and pasting two manifolds [2, 16] to form a geodesically complete new one with a throat placed in the joining shell. In this case, the exotic matter needed to build the wormhole is concentrated at the shell and the junction-condition formalism is used for its study. Poisson and Visser [17] made a linearized stability analysis under spherically symmetric perturbations of a thin-shell wormhole constructed by joining two Schwarzschild geometries. Later, Barceló and Visser [18] applied this method to study wormholes constructed using branes with negative tensions and Ishak and Lake [19] analyzed the stability of transparent spherically symmetric thin-shells and wormholes. Recently, Eiroa and Romero [20] extended the linearized stability analysis to Reisner-Nordström thin-shell geometries, and Lobo and Crawford [21] to wormholes with a cosmological constant.
In this article we study cylindrical thin-shell wormholes. We concentrate on the geometry of these objects and we do not intend to supply any explanation about the mechanisms that might provide the exotic matter to them. In Sec. 2 we present the general formalism. In Sec. 3 and 4, we apply it to vacuum and superconducting cosmic string wormholes. Finally, in Sec. 5, the results are discussed. Throughout the paper we use units such as c = G = 1.
Cylindrical thin-shell wormholes
The static cylindrically symmetric metric in coordinates X α = (t, r, ϕ, z) can be written in the form [22] 
where f , g and h are positive functions of r. From this geometry we can take two copies 1 of the region with r ≥ a:
and glue them together at the hypersurface
to make a geodesically complete manifold
is an increasing function for r ∈ [a, a + ǫ], with ǫ > 0, this construction creates a cylindrically symmetric thin-shell wormhole with two regions connected by a throat at Σ. On M we can define a new radial coordinate l = ± r a g rr dr, where the positive and negative signs correspond, respectively, to M + and M − , with |l| representing the proper radial distance to the throat, which is placed in l = 0. To study this traversable wormhole we use the standard Darmois-Israel formalism [23] . For a recent review of this technique, also called junction-condition formalism, see Ref. [24] .
The throat of the wormhole is placed at the shell Σ, which is a synchronous timelike hypersurface. We can adopt coordinates ξ i = (τ, ϕ, z) in Σ, with τ the proper time on the shell. In order to analyze the dynamical behavior, we let the radius of the throat be a function of the proper time, a = a(τ ). Then Σ is defined by the equation
The extrinsic curvature (second fundamental forms) associated with the two sides of the shell are:
where n ± γ are the unit normals (n γ n γ = 1) to Σ in M:
In the orthonormal basis {eτ , eφ, eẑ} (eτ = 1/f (r)e τ , eφ = 1/g(r)e ϕ , eẑ = 1/h(r)e z , gî = ηî = diag(−1, 1, 1, 1)) we have
and
where the dot means d/dτ .
The Einstein equations on the shell reduce to the Lanczos equations:
where
is the trace of [Kî] and Sî = diag(σ, −ϑ ϕ , −ϑ z ) is the surface stress-energy tensor, with σ the surface energy density and ϑ ϕ,z the surface tensions. Then replacing Eqs. (7), (8) and (9) in Eq. (10) we obtain
The surface energy density is negative, indicating the presence of exotic matter at the throat. The negative signs of the tensions mean that they are indeed pressures.
It is easy to see that ϑ ϕ , ϑ z and σ satisfy the equation
The static equations are obtained withȧ = 0 andä = 0 in Eqs. (11), (12) and (13):
Eqs. (16) and (17) can be recast in the form
The functions f , g and h determine the equations of state ϑ ϕ (σ) and ϑ z (σ) of the exotic matter on the shell.
Let us assume that the equations of state for the dynamic case have the same form as in the static one, i.e. that they do not depend on the derivatives of a(τ ), so ϑ ϕ (σ) and ϑ z (σ) are given by Eqs. (18) and (19) , with α and β of Eqs. (20) and (21) . Then, replacing Eqs. (11) and (12) 
It is easy to see thatȧ
satisfies Eq. (22), with τ 0 an arbitrary (but fixed) time. Eq. (23) can be put in the form
that integrating both sides, it gives
The time evolution of the radius of the throat a(τ ) is formally obtained by calculating the integral and inverting Eq. (25).
Vacuum cosmic string wormholes
The most general metric which can be associated to a local vacuum cosmic string has the Weyl's form
where r 0 (a scaling length for the radial coordinate), W 0 > 0 and d are constants. We take d < 1, so g ϕϕ is an increasing function of r. Then the surface energy density and tensions at the throat are
For the static case we have that ϑ ϕ = d 2 σ and ϑ z = (d − 1) 2 σ. Keeping these equations of state for the dynamic case and using Eq. (25), we obtain
As d(d − 1) + 1 is positive for all d, from Eq. (30) we see that if the initial velocity of the throaṫ a(τ 0 ) is positive, the radius of the throat increases (without bounds) with time, while in the case of negative initial velocity it decreases to collapse to a = 0 in a finite time, and ifȧ(τ 0 ) = 0 the throat has constant radius a(τ 0 ) (static solution).
When d = 0 the geometry outside the throat could be interpreted as the one corresponding to a wiggly or noisy cosmic string. A special interesting case is the straight cosmic string wormhole, which is invariant under boosts in z and corresponds to d = 0, its metric given by
This geometry is conical with a deficit angle ∆ϕ = 2π(1 − W 0 ) if 0 < W 0 < 1 (surplus angle if W 0 > 1). The energy density and tensions are
The static solution has σ = ϑ z = −1/4πa and ϑ ϕ = 0; and the energy density per unit length is µ = 2πW 0 aσ = −W 0 /2. In the dynamic case, using Eq. (30) with d = 0, we have
so in this case there is a simple linear dependence with time for the radius of throat.
Superconducting cosmic string wormholes
The exterior metric for a superconducting cosmic string has the form [12] 
with r 0 (a scaling length for the radial coordinate), k ≥ 0, W 0 > 0 and m constants. If we take −1 < m < 1, g ϕϕ is an increasing function of r for every (non-negative) value of k. The electric current related with this metric is
and the associated magnetic field strength is given by (1 + k) √ k.
With our cut and paste construction, we obtain in this case a wormhole that carries a current I along the throat and a magnetic field outside the throat, given by Eqs. (38) and (39) respectively.
If k = 0, there is no current and the magnetic field is zero, and the Weyl's metric is recoveredat any time, this being a general feature of cylindrical thin-shell wormholes under the hypothesis of this work. It is easy to see from Eq. (22) that in the general case the acceleration has the opposite sign of the derivative of g rr = f (r), so depending on the metric considered, it would accelerate or decelerate the expansion or contraction of the throat, but without changing the sign of the velocity, which is given by its initial value.
